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^ ' Abstract. The elliptic quantum Knizhnik-Zamolodchikov-Bernard (qKZB) difFerence equations associ- 

, ated to the elliptic quantum group Er,n{sl2) is a system of difference equations with values in a tensor 

product of representations of the quantum group and defined in terms of the elliptic _R-matrices associated 
with pairs of representations of the quantum group. In this paper we solve the qKZB equations in terms 
of elliptic hypergeometric functions and decribe the monodromy properties of solutions. It turns out that 
the monodromy transformations of solutions are described in terms of elliptic _R-matrices associated with 
Q,^ \ pairs of representations of the "dual" elliptic quantum group Ep^-^{sl2), where p is the step of the difference 

■~«.^ . equations. Our description of the monodromy is analogous to the Kohno-Drinfeld description the mon- 

odromy group of solutions of the KZ differential equations associated to a simple Lie algebra in terms of 
, the corresponding quantum group. 

. 1. Introduction 

' In this paper we solve the system of elliptic quantum Knizhnik-Zamolodchikov-Bernard (qKZB) 

difFerence equations associated vi^ith the elliptic quantum group Er^nish) and describe the monodromy 
properties of solutions. 

The qKZB equations Q are a quantum deformation of the KZB differential equations obeyed by 
correlation functions of the Wess-Zumino-Witten model on tori. The qKZB equations have the form 

^{Zi, ...,Zj+p,...,Zn)=Kj{zi,..., Zn, T, 7J,p)'^{zi, . . . , Zn). 

The unknown function 'J takes values in a space of vector valued functions of a complex variable A, and 
the Kj are difference operators in A. The parameters of this system of equations are r (the period of 
the elliptic curve), rj ("Planck's constant"), p (the step) and n "highest weights" Ai, . . . , A„ G C. The 
operators Kj are expressed in terms of i?-matrices of the elliptic quantum group Er.riish)- 

In the trigonometric limit r — > ioo, the qKZB equations reduce to the trigonometric qKZ equations 



|FR| obeyed by correlation functions of statistical models and form factors of integrable quantum field 
theories in 1+1 dimensions [IM, ^. 



The KZB equations can be obtained in the semiclassical limit: ij 0, p 0, p/rj finite. 
When the step p of the qKZB equations goes to zero (with the other parameters fixed) our construction 
gives common eigenfunctions of the n commuting operators Kj{zi, . . . , z„; r, 77, 0) in the form of the Bethe 
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ansatz [ FTV |. These di fferen ce operators are closely related to the transfer matrices of IRF models of 
statistical mechanics FV2 |. 



Our first main result is a construction of solutions of the qKZB equations in the form of multidimen- 
sional elliptic hypergeometric intergals. 

Our second main result is a description of the monodromy properties of solutions. We show that 
the qKZB equations can be considered as difference equations on the product of several copies of the 
elliptic curve with modulus t with values in a suitable vector bundle. Therefore, a natural question is 
to describe the monodromy of solutions with respect to shifts of arguments of solutions by periods of 
the elliptic curve. It turns out that the monodromy transformations of solutions are described in terms 
of _R-matrices associated with pairs of representations of the "dual" elliptic quantum group Ep,jj{sl2), 
where p is the step of the difference equations. 

Our description of the monodromy is analogous to the Kohno-Drinfeld description |^ Q of the 
monodromy group of solutions of the KZ differential equations associated to a simple Lie algebra in 
terms of the corresponding quantum group. 

The results of this paper are parallel to the results on solutions of the rational and trigonometric 
qKZ equations of @, |TV1| , |TV2| , which are based on the representation theory of the Yangian 1^(5^2) 



and the affine quantum universal enveloping algebra Uq{sl2), respectively. In particular, in |TV1] the 
monodromy of the qKZ difference equations associated with the Yangian Y(sl2) is descibed in terms of 
the affine quantum group Uq{sl2), where the parameter q is connected with the step p of the equations by 
q = e^*/P. In TV2| the monodromy of the qKZ difference equations associated with the affine quantum 



group Uq{sl2) is descibed in terms of the elliptic quantum group Er^n{sl2) where the parameters r and 77 
of the elliptic quantum group are connected with the parameters q and the multiplicative step p of the 
equations by relations p = e^'^*'^ and q = e"^^*''. 

The paper is organized as follows. We begin by introducing the notion of i?-matrices and the qKZB 
equations in Section ^. The geometric construction of i?-matrices is given in Section ^. At the end 
of that section we show how to obtain representations of E^.Tiish) in this way, and give some explicit 
formulae for i?-matrix elements. 

In Section |^ we describe transformation properties of the qKZB equations with respect to shifts of 
the arguments by t and 1 and show that the qKZB equations can be considered as difference equations 
on a product of several copies of the elliptic curve with modulus r. 

In Section ^ we describe formal integral representations of solutions of the qKZB equations. We 
constuct solutions of the qKZB equations in Section ^. The monodromy properties of solutions are 
described in Section 0. 

2. i?-MATRICES, QKZB EQUATIONS 

2.1. i?-matrices. The qKZB equations are given in terms of i?-matrices of elliptic quantum groups. In 
the SI2 case, these i?-matrices have the following properties. Let f) = Ch be a one-dimensional Lie algebra 
with generator h. For each A G C consider the f) -module Va = ©"^gCcj, with hej = (A — 2j)ej. For 
each pair Ai, A2 of complex numbers we have a meromorphic function, called the i?-matrix, i?Ai,A2(-Zj ^) 
of two complex variables, with values in End (Vai (E> VAa)- 
The main properties of the i?-matrices are 

I. The zero weight property: for any A^, z, A, [i?A^,A2(z, A), /i'-^^ + h'-^'>] — 0. 
II. For any Ai, A2, A3, the dynamical Yang-Baxter equation 

Ra„a, {z, a - 277/1(3)) (12) + Xf^^R^.M {w, A - 277/i(i))(23) 

= i?A,,A3 iw, A)(23)i?A^_^^ {z + w,X- 2Tjh^^Y^^RA,Mz, A)(i2), 

holds in End (Vai Va^ ® VA3) for all z, w, A. 
III. For all Ai, A2, z,\, i?Ai,A2 (2, A)(^^)i?A2,Ai (-z, A)^^^) = Id. This property is called the "unitarity". 

We use the following notation: if AT e End {Vi), then we denote by AT^*^ g End {Vi ® ■ ■ ■ ® Vn) the 
operator • • • (g) Id (g) AT (g) Id ® • • • , acting non-trivially on the ith factor of a tensor product of vector 
spaces, and li X = Y^Xk ®Yk End {Vi ®Vj), then we set AT^^J) = ^k^Y^^^ ■ If . . . , Mn) is a 

function with values in End {Vi ® ■ ■ ■ ® Vn), then X{h'''^\ . . . , hS'^^)v = X{iii, . . . , /i„)ti if h'^^^v = fiiV, for 

all Z = 1, . . . , 77. 

For each r in the upper half plane and generic 77 G C ("Planck's constant") a system of i?-matrices 



^^Ai.A2 [z, A) obeying I -III was constructed in [FV1|. They are characterized by an intertwining property 
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with respect to the action of the elhptic quantum group -Er,?)(s^2) on tensor products of evaluation Verma 
modules. 

2.2. qKZB equations. Fix the parameters t, Fix also n complex numbers Ai, . . . , A„ and an ad- 
ditional parameter p G C. Let V = Vai ® ■ • • (8) V\^. The kernel of h^^'' + • • • + /i^"-* on V is called the 
zero- weight space and is denoted V[0]. More generally, we write V[ii] for the eigenspace of ^ with 
eigenvalue fi. The qKZB equations are difference equations for a function ^'(zi, . . . , z„, A) of n complex 
variables zi, . . . , z„ with values in the space of meromorphic functions Fun (1^[0]) of a complex variable 
A with values in ^[0]. 

The qKZB equations Q have the form 

^{Zl, . . . , Zj + p, . . . , Zn) ^ Rjj-liZj-Zj^l +p) - ■■ Rj^l{Zj-Zl +p) (1) 
^jRj,n{Zj ~ Zn) ■ ■ ■ , + — Zj+i)\E'(zi, . . . , Z„) 

Here Rk,i{z) is the operator of multiplication by 

i?A..A,(^, A- 2,7 

acting on the fcth and lih. factor of the tensor product, and T j is the linear difference operator such that 
Tj^{X) = *(A - 2r]n) if /i(j)^' = iJL^. 

The consistency of these equations follows from I-III. In other words, the qKZB equations may be 
viewed as the equation of horizontality for a flat discrete connection on a trivial vector bundle with fiber 
Fun (T^[0]) over an open subset of C". 

2.3. Finite-dimensional representations. If A is a nonnegative integer, Va contains the subspace 
S'Va = ffi^A+i*C2j with the property that, for any M, S'Va ® Vm and Vm ® S'Va are preserved by 
the i?-matrices Ri>^^m{z,X) and Rm,k{z,X), respectively, see FV1 | and Theorem^. Let La = Va/^Va, 
A G Z^o- Then, in particular, for any nonnegative integers A and M, i?A,M(-z,A) induces a map, also 
denoted by i?A,M(-z, A), on the finite-dimensional space La ® Lm- 

The simplest nontrivial case is A = M = 1. Then i?i^i(z,A) is defined on a four-dimcnsional vector 
space and coincides with the fundamental i?-matrix, the matrix of structure constants of the elliptic 
quantum group -Et, 77(5^2)- 

In any case, if Ai,...,A„ are nonnegative integers, we can consider the qKZB equations on 
functions with values in the zero weight space of Lai iX> • • • (E" La„ • 

The results of this paper obtained for the solutions with values in ^jV^. extend to this case: let 
TT : <8)"^iVaj —> ®"=iLAj denote the canonical projection. 

Lemma 1. Let'i!{zi, . . . , z„) be a solution of the qKZB equations with values in V[0] = Vai®- ■ •<8'Va„[0]. 
Then tt o . . . , Zn) is a solution of the qKZB equations with values in L[Q\ = Lai ® ■ ■ ■ ® La,, [0]. 

3. Modules over the elliptic quantum group as function spaces 

In this section we realize the spaces dual to tensor products of evaluation Verma modules over Er.riish) 
as spaces of functions. The i?-matrices are then constructed geometrically. 

Let us fix complex parameters r, rj with Imr > 0, and complex numbers Ai, . . . , A„. We set Oi — rjAi, 
i = 1, . . . , 71. 

3.1. A space of symmetric functions. Introduce a space of functions with an action of the symmetric 
group. Recall that the Jacobi theta function 

has multipliers —1 and — exp(— 27rit — nir) as t ^ t + 1 and t t + t, respectively. It is an odd entire 
function whose zeros are simple and lie on the lattice Z + rZ. It has the product formula 



9{t) = 2e'^'^/Sin(7rO - q^){l - g^'e2"")(l - g^'e^^^"), q 

i=i 



Definition: For complex numbers ai, . . . , a„, zi, . . . , z„. A, let ^^^(zi, . . . , z„. A) be the space of 

meromorphic functions /(ii, . . . , tm) of m complex variables such that 

(i) Y[i<j ^{^i ^ + n"=i ni-^i ^{^i ~ Zk — o-k)f is a holomorphic function on C™. 
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(ii) / is periodic with period 1 in each of its arguments and 

/(..., + r, ...)- e-2-W''^-2'^)/(. .., i^., ... ), 

for aU 7 = 1, . . . , TO. 

The symmetric group Sm acts on (zi, . . . , z„, A) so that the transposition of j and j + 1 acts as 

. f(f f ■\- f(f ft f /fe -^j+i -2^) 

"jj V-li ■ ■ ■ I ''mj — J y^lT ■ ■ ■ 1 ''i+li ''ji • ■ • I '^rn) ■ — t ^ ^ 2rf) ' 

Definition: For any m £ Z>o, let F™ (zi, . . . , z„, A) = F™ ^^(zi, . . . , z„, A)'^" be the space of 
S',„-invariant functions. If m = 0, then we set F^^_^ ^^(zi, . . . , z„, A) = C. We denote by Sym the 
symmetrization operator Sym = X^ses * ■ ~^ ^.Iso, we set 

-Fai,...,a„ (^1 1 . . . I A) = ®m=0^ai,...,a„ (^1 1 ■ ■ • i ^ni A), 

and define an f) -module structure on -F'ai,....a„ (-^i, . . . , ^n. A)) by letting h act by 

^If-" (zi....,2„.A) = A» - 2TO)Id, ai=-qK. 
^ " i=i 

Clearly, F^ ^ ^^^^^^(z^(i) , . . . , z^(„)) = F™ _„^(zi, . . . , z„, A) for any permutation a G S^- 



It is shown in [FTV| that F™ ^ (zi, . . . , z„, A) is a finite-dimensional vector space of dimension 
n + TO — 1^ 

TO 

Example: Let n = 1. Then F™(z, A) is a one-dimensional space spanned by 
3.2. Tensor products. 



Proposition 2. [ FTV Let n = n' + n" , m — m' + m" be nonnegative integers and ai, . . . , an, zi, . . . , z„ 



be complex numbers. The formula 



, . ^ f r/ \ / \ TT ()(ti ^ zi + ai)\ 

Hti,---,tn.) ^ ^^Sym^f{t„...,t„,,)g{t„.,^„...,t„,) [[ ^^^—-—-^j 

m' <j^rn 

correctly defines a linear map ^ : f i^i g i—i- k = ^(f g) , 

®Z'=oFaL,a^. (zi, . . . , z„,, A) ® F^':;;^,...,,„ (z„'+i, . . . , z„, a - 2^.) ^ F:^^_^^ (zi, . . . , z„, A), 

where v ^ ai + - ■ • + «„/ —2r]m,'. For generic values of the parameters Zj, A, the map $ is an isomorphism. 
Moreover, $ is associative in the sense that, for any three functions f,g,h, $($(/ ® (?) (g) /i) — $(/ 
$((7 €5 ^)), whenever defined. 

By iterating this construction, we get for all n 5^ 1 a linear map $„, defined recursively by $i = Id, 
$„ = (f)((f)„_i ® Id), from 

F^^' (zj, A - 2r/(/xi + • • • + 

to F!^,...MA^i' ■ ■ ■'^n,>'), with fij = aj/r] - 2mj, j = 1, . . . ,n. 

Let — ®°^QCe* be the restricted dual of the module Va — (Bj^QCej. It is spanned by the basis 
(e*) dual to the basis (e^). We let f) act on V^" by he* = (A - 2j)e*. Then the map that sends e* to ujj 
(see (H)) defines an isomorphism of f) -modules 

w(z. A) : Va* F„(z,A), a = ryA. 

By composing this with the maps $ of Proposition |2| we obtain homomorphisms (of t) -modules) 

w(zi, . . . , Z„, A) : V"ai «>•••«) VX„ ^ .Fai,...,a„(2l, . . . , z„. A) 

which are isomorphisms for generic values of zi, . . . , z„, A. The restriction of the map w(zi, . . . , z„. A) to 

Ce*„,^ ® • ■ • (g) e;,^ is 

$„(u;(zi, X)e*„^^ w(z2, A - 2r]fii)e*„^^ ■ ■ ■ (g) uj{zn, A - 2ry(/xi H h ^„-i))e;^^). 
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where /ij = Kj — 2toj, j = 1, . . . , n. For example, if n = 2, then uj{zi, Z2, A) sends e* (8 to 

j-\-k 

— Symftjj(ii,...,tj,A;zi)cjfc(tj+i,...,<j+fc,A-2ai+47yj;z2) J]^ ' _ _ °\ /' 

where . . . , tj, A; z)} is the basis (||) of ^^(z, A). 

More generally, we have an explicit formula for the image of e*^^ ® ■ ■ ■ (i) e^^, which we discuss next. 

3.3. A basis of -F'Qi,...,a„ (-^i, • • ■ ,2„). The space Va comes with a basis Cj. Thus we have the natural 
basis ® ■ ■ ■ ® e'^^ of the tensor product of V^. in terms of the dual bases of the factors. The map 
w(2i, . . . , Zn, A) maps, for generic z.^, this basis to a basis of -F'ai....,a„(-zi, • ■ ■ , Zm A), which is an essential 
part of our formulae for integral representations for solutions of the qKZB equations. 
We give here an explicit formula for the basis vectors. 



Proposition 3. [ FTV Let m £ Z^O; A — (Ai, . . . , A„) G C", and let z = {zi, . . . , z„) e C" be generic. 
Set tti — rjAi . Let 

Then, for generic A G C, the functions 

t^mi,...,m„(ii, • ■ • ,im, A; z) = A) e*^^®---® e*^^ 

labeled by mi, . . . , r7i„ with '^i^mk — m form a basis of F^{z,X) and are given by the explicit 
formula 

Wmi,...,m„(ii,---,im,A;z;T) = ^ IT IT 11 ^7r~r~^^~4 

n-pj- 9{ti - tj + 2r]) -A- yr e{X+tj-Zk-ak + "irjnik - 2r] X^fji^ i^i - '^m)) 
e(t,-tA IJ- J-J- 0{t,-Zk-ak) 

The summation is over all n-tuples of disjoint subsets of {l,...,m} such that Ij has rUj 

elements, I ^ j ^ n. 

We shall call the functions i^'mi,....m„{ti, ■ ■ ■ , tm. A; z; r) the weight functions. 

3.4. i?-matrices. Let a ~ rjA and b = rjM be complex numbers. Since Fab{z,w, X) coinsides with 
Fba{w, z. A) by the symmetry of the definition, we obtain a family of isomorphisms between (8) 
and ® V^- The composition of this family with the Rip P : (® V^, Pv ® w = w ® v 

gives a family of automorphisms of C8 : 

Definition: Let z,w, A be such that u!{z,w,X) : (8 Fab{z,w, X) is invertible. The R-matrix 

RAMi^y S Ei^"^ f) ® ^) is the dual map to the composition R\ j^{z, w, A): 

8) Vm — » Vm 8) Va — > Fab[z, w, A) — > V"m, 
where we identify canonically with (Va Vm)*- 

Alternatively, the i?-matrix R\^m{z,w, X) can be thought of as the transition matrix expressing the 
basis ojij — uj{w, z, A)e* 8) e* of the space Fab{z, w, A) in terms of the basis ujij = uj{z, w, A)e* 8> e*: if 
^a,m(^, w, A)ei 8) = X)fc; ^i'jefe 8) e;, then 

(I-fci (4) 

Liemma 4. 

(i) i?A,M(-2, If, A) is a meromorphic function of A, M, z, t«, A. 

(ii) //A is generic, then R\^\{z, w, A) is regular at z — w and lim^^uj R\^\(z, w, A) = P, where P is 
the flip u ® V ^ V ® u. 

(iii) R!^M-{z,w,X) depends only on the difference z — w. 

Accordingly, we write i?A,M(-z — A) instead of _Ra,m(-z, A) in what follows. 
The _R-matrices satisfy the dynamical Yang-Baxter equation. 



Theorems. |FTV] The matrices RA,uiz, X) obey L-LLL of Section \ 
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Let US now consider the case of positive integer weights. In this case the i?-niatrices have invariant 
subspaces. If A e Z^o we let SVa be the subspace of Va spanned by ca+i, eA+2, ■ • • • The A + 1- 
dimensional quotient Va/SV\ wiU be denoted by L\, and will be often identified with ©"^qCgj. 



Theorem 6. | FTV ] Let z, 77, A be generic and A, M e C. 

(i) If A ^ Z^O; then R\ m{zj A) preserves SV\ ® Vm 

(ii) //Me ZjsO; then RA.uiz, A) preserves Va SVm 

(iii) If A £ Z^o and M e Z^o, then Ra,m{z, A) preserves SVa Vm + Va. ® SVm- 

In particular, if A and/or M are nonnegative integers, then i?A,M(-z, A) induces operators, still denoted 
by i?A,M(2, A), on the quotients La (S> Vm, Va ® Lm and/or La (8> Lm- They obey the dynamical Yang- 
Baxter equation. 

3.5. Example. We give an example of computation of matrix elements of the i?-matrix i?A,M(2 — w. A), 
assuming that the parameters are generic. 

The i?-matrix is calculated as the transition matrix relating two bases of Fab{z, w, A): let 

UJij = uj{w, z, A) e* (g) e*, uJij — uj(z, w, A) e* (g) e*. 

The matrix elements of R with respect to the basis ej ® are given by uj^.i — X^ij ^ij^ij- The i?-matrix 
preserves the weight spaces 



(VA®VM)[A + M-2m] 



and we may consider the problem of computing the matrix elements of the i?-matrix separately on each 
weight space. Without loss of generality we assume that w — 0. 

Let TO = 0. Then the weight space is spanned by cq (81 cq and ujqq = ujqq = 1. Therefore Rqq = 1. 

Let TO = 1. Then the basis elements are functions of one variable t — ti and we have (with a — rjA, 
b = 77M) 

6i(A + 277 + t - 2a - b)0{t - z + a) e{X + 2ri + t - z - a) 
- 0{t-b)eit~z-a) ' ""''^^^ - 9{t-z-a) ' 

and 

, e{X + 2T] + t-b) . 9{X + 2T] + t- z-2b-a)e{t + b) 
'"oi(^) 0([^) ' e{t-z-a)0it-b) ■ 



Proposition 7. [FTV 



Let the matrix elements of the R-matrix Ra.m{z, A) be defined by 

/?a,m(^, A)ei (g) Bj = Y,M ^ij^k ei. 

Then 

Rq 

R' 
R, 
R 



00 

00 — 
01 


1, 


z + r]A- 'qM)9{X + 27/) 


01 — 


9{z- 


rjA - r]Xi)e{X + 277(1 - A)) ' 


01 


6{X 


+ 277 + z - 77A - ?/M)6'(277A) 


10 — 


6{z 


- 77A - 77M)6i(A + 277(1 - A)) ' 


10 


0{X 


+ 277 - z - ?7A - 7;M)6'(277M) 


01 — 


6{z 


- 77A - 77M)6i(A + 27/(1 - A)) ' 


10 


e{z + 


77M - TjA)e{X + 27/(1 - A - M)) 


10 ^ 


9{z 


- 77A - 77M)6i(A + 277(1 - A)) 



3.6. Evaluation Verma modules and their tensor products. Here we explain the relation between 
the geometric construction of tensor products and i?-matrices and the representation theory of -Et,?)(s^2) 



[FV1| 



Recall the definition of a representation of ET^rjish)- let t} act on via h = diag(l, —1). A represen- 
tation of ET^nish) is an f) -module W with diagonalizable action of h and finite-dimensional eigenspaces, 
together with an operator L(z, A) e End (C^ (g) W) (the "L-operator"), commuting with /i^^^ -|- /i^^^, and 
obeying the relations 

i?(i2) (^ _ ^, A - 277/1(3)) l(i3) (z, A) L^^^\w, X - 27jh^^^) = L^^'\w, A) L^^^ (z, A - 2rjh^^^) R^^^^ (z - w, A) 
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in End (C^ (g) ® W). The fundamental R-matrix R{z, A) G End (C^ (g) C^) is the following solution of 



the dynamical Yang-Baxter equation: let eg, 
basis eo g) cq, cq (g ei, ei (g eo, ei (g) ei of g 

/I 



ei be the standard basis of < 



then with respect to the 



A) 










a{z, A) 
/3(z,-A) 






/?(z, A) 
a(z, —A) 









where 



a{z, A) 



g(A + 2??)g(z) 
6i(A)e'(z - 2?7) ^ 



/3(z,A) 



V 

0(A + z)^^(2?7) 



6i(A)6'(z - 2?7) ■ 

To discuss representation theory, it is convenient to think of L{z, A) £ End (C^ g) W) as a two by two 
matrix with entries a{z, A), b{z, A), c(z, A), d{z, A) in End (VF). In [FV1| we wrote exphcitly the relations 
that these four operators must satisfy, and defined a class of representations, the evaluation Verma 
modules, by giving explicitly the action of these four operators on basis vectors. These formulae can be 
obtained from the geometric construction. 



Theorem 8. |FTV] Let us identify the two-dimensional space Li = Va=i/SVa=i with via the basis 
Co, Ci- Then the R-matrix A) G End (Li (g Li) coincides with the fundamental R-matrix. 

Corollary 9. For any w, M £ C, the \) -module Vm together with the operator L{z, A) — i?i_M(-z — w, A) G 
End {Li g) Vm) defines a representation of ET.jjish)- 

This representation is called in ^Yl the evaluation Verma module with evaluation point w and 
highest weight M. It is denoted by Vm{w). The matrix elements of L(z,A) are given explicitly in 
Theorem 3 of | FV1 ] in terms of the action of a(z. A), . . . , d{z, A). In the notation of Proposition 0, this 



result amounts to the following formulae for the matrix elements _R,f - of _Ri.a(z, A) G End (Li g) Va) 



it. 



Ok 
Ok 



r: 



,0,fc+l 
Ik 



l,fc-l 
Ofc 



^Ik 



0{z-{A + l- 2k)r]) e{X + 2k7j) 
(A + l)77) e{X) ' 

6'(A + z - (A - 1 - 2k)r]) 6(27]) 
9{z-{A + 1)tj) e{X) ' 
6l(A - z - (A + 1 - 2fc)r/) 6l(2(A - 



1 - k)r]) e{2kri) 



(- 



(2- 
-A 



- 1 + 2fc)r/) e{\ 



e{\) 

2(A - fc)r;) 



0{2ri) ' 



(z- (A + 1)77) 



6{X) 



Moreover, the tensor product construction of 3.2 is related to the tensor product of representations of 



the elliptic quantum group. Recall that if Wi, W2 are representations of the elliptic quantum group 
with L-operators Li{z, A), L2(z, A), then their tensor product W — W\ (g W2 with L-operator 

L(z, A) = Li(z, A - 2r;/i(3))(i2)L2(z, A)^"' G End (C^ g) W) 

is also a representation of the elliptic quantum group. 



Theorem 10. | |FTV[ | 

Let Ai,...,A„ G C and zi,...,z„ he generic complex numbers. Let V = V\-^^ g) • • ■ g) and 
L{z, A) G End (Va=i (g V) be defined by the relation 

uj{z, Zi, . . . , z„, A)L(z, A)* = uj{zi, ...,Zn,Z, X)P 

m End((yi g) V)*) = End (V^* g) V*), where Pvi ® v ^ v ® wi, if vi G , v G V* . Then L{z,X) 
is well-defined as an endomorphism of the quotient Li (E) V = C'^ (E) V , and defines a structure of a 
representation of Er^nish) on V. This representation is isomorphic to the tensor product of evaluation 
Verma modules 

VA„(z„)g)---® Va,(zi), 
with the isomorphism ui g) • • • g) u„ 1— > m„ g) • • • g) Mi. 

Finally, the dynamical Yang-Baxter equation in Li (g Va g) Vm can be stated as saying that J?a,m(^ — 
w, X)P is an isomorphism from Vm{w) g) Va(z) to Va(z) g) Vm(w), see [FVl . Therefore, by uniqueness, 
the i?-matrices constructed in this section coincide with the solutions of the dynamical Yang-Baxter 
equation described in Section 13 of [ pVl |. 
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4. Transformation of qKZB with respect to shifts of Zk by t and 1 

4.1. Transformation of weight functions. Let Wmi,...,m„ A; zi, . . . , z„; r) be the weight functions 
defined by (^. The next Proposition describes the transformation properties of the weight functions 
witli respect to shifts by r of variables zi, . . . , Zn- 

Proposition 11. For any k, we have 

t^mi,...,m„(i, A; zi, . . . ,Zk + T,... , Zn] t) = e'''= , . . .^„i„ , A; zi, . . . , Zfe, . . . , z„;t) 

where 

k~~l n 

&fc = 27riTOfc(A + 27ymfe - 2 ^(a; - 2r/r7i()) + 47riafc ^ m;. 

(=1 l=k+l 

The Proposition follows from transformation properties of 9{t). 
We reformulate the Proposition. Introduce a function 

a(A) = exp(-7riA^/4r/) . (5) 
Use the notation h^^^ — aj/rj — 2m j. Set 

«(A-2r;Et7/^«) 



Then 



where m = mi + . . . + to„. 



4.2. Transformations of i?-matrices. Consider the tensor product of evaluation Verma modules over 
the elliptic quantum group Er^-qish), Va(z) ® Vm(w), and its _R-matrix i?A,M(z — it;, A) £ End (Va ® Vm) 
defined in Section [3.6[ Let h^^^ denote the operator h acting in the j-th factor of V\{z) (g) Vm{w)- 



Proposition 12. 



-2.,:am "(A - 2r,/j(2)) «(A - 277/1(1)) 



i?A,M(z + r, A) = e- " «(A_2,7(/.W+M2))) ^) " 

Proof: Use formula (Q), 

a)fez(z, w) = ^ i?j^j-(z - A) Wy(z,i(;). 

Then 

a;fc;(z + T, w) = ^.f, - w + T, A) cj,;-, (z + t, w). 

We have a)fc;(z + t,w) = e^^^^'-^Cjki^z, w) and ujij{z + r, ui) = e''i(*-')wij(z, w) where e^^ and e''^ are given 
by (^. Hence 

i?^j(z -w + T,X) = e^i^'^') ii'fj(z - w, A) e-*i('^). 
This proves the Proposition. □ 

Proposition 13. 

i?A,M(^ -W,\ + t)^ p..(h(i)(-.-,M)+^C^)(-^+,A)) ^^^^(^ _ g«(/.(i)(.-,M)+/.(^)(»+,A)) _ 

The proof is analogous to the proof of Proposition |l2|. □ 
Proposition 14. 

^A,m(2; + 1, A,t) = i?A,M(2:,A+ 1,t) = RjyM{z,\T +1) = RjyM{z,\,T) . 

The proof easily follows from the formulae 9{t + 1, r) = —0{t, r) and 9{t, t + 1) = e^^^'^9{t, r). 
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4.3. Transformation of qKZB equations with respect to shifts Zk ^ Zk+ r. Consider the qKZB 
equations defined by (Q), 

. . . +p, . . . ,z„, A) = Kj{zi, . . . ,z„, A) ^(21, . . . ,z„, A) , j = 1, . . . ,n, 

wliere ^(21, . . . , Zn, A) is a function with values in = Vaj ® • • • (8) Va„ and Kj{zi, . . . , z„, A) e End (V^). 
For any k ~ 1, . . . , 71, introduce a linear operator . . . , z„, A) G End (T^[0]) by 

Bl.(z, Z X) ^ -.2^'^vy.y.^.-(z,~z,)A,A,/p - 277E|Li^^'^) 7^^,7A.(^,L-M,~^.^,.|, a,) /9^ 

a(A - 277Efji'/i('^) ' 

Theorem 15. For any j and k, we have 

Kj{zi,...,Zk+T,...,Zn,X) = (10) 

Bkizi, . . . , Zj + p, . . . , Zn,Xy^ Kj{zi, z„, A) Bfe(zi, . . . , Zj, . . . , z„, A) . 

Notice that the last exponential in is not essential for the Theorem and is introduced for later 
purposes. 

Proof: There are three cases: k > j, k = j, k < j. We prove the Theorem for k > j. The other two cases 
are proved similarly. 

Kj{zi, . . . , Zk + T, . . . , Zn, X) = RjJ-l{Zj-Zj-l +p)- - ■ Rj^l{zj~Zl + p)TjRjji{zj-Zn) ■ ■ ■ 

Rj^k{zj-Zk - t) • • • Rj^j+i{zj-Zj+i) = +p)-- -Rj^iizj-zi + p)TjRj^nizj - z^) ■ ■ ■ 



e ; rCikyZi — Zh) ; — • • ■ rC.; o + il Zo — 



a 



„2..,A,A.^^.^_^(^^._^^._^ • • •i?,,i(z,-zi +p)r,i?,-„(z,-z„) • • • ^ — ^^r'''''' 



p ^ ^ "(A ~ 277 Efrij^,^^'^) ^ ^ p r ^ R ^ ^ 

i?j,i(zj-zi +p)Tj— — ^ — i?j>(zj-z„) • ■ ■ Rj^k{Zj-Zk) ■ ■ ■ Rjj+i[Zj-Zj+i) 



Ro,k{z,-zu)^^ ■ ■ •i?,,,+i(z,-z,+i) = e2™'^^-^'=i?,,,_i(z,-z,_i +p) 

I 



«(A - 2,7 Eti «(A - 277 Eti ^('^) 



i?j,i(zj-zi +p)rji?j^„(zj-z„) • ■ ■ Rj^k{zj~Zk) ■ ■ ■ Rj^j+i{zj-Zj+i) 



«(A - 2r;Eti/^('') 



e 



«(A - 277 Eti /^''') 

2...A,A.^(A_^lE£^a^. ^ Ell hi'') 



This proves the Theorem for k > j. □ 

Theorem 16. Let ^'(zi, . . . , z„, A) 6e a solution of the qKZB equations (j^). Then for any k, the function 
Bk{zi, . . . , Zn, A)5'(zi, . . . , Zfe + T, . . . , Zn, A) IS fl 71610 solution of the same equations. 

Proof: For any j , we have 

Bk{zi, ...,Zj+p,...,Zn,X) ^{Zi, ...,Zk+T,...,Zj+p,...,Zn,X) = 

Bk{zi, ...,Zj+p,...,Zn, X)Kj( A) *(zi, . . . , zfe + T, . . . , Zj, . . . ,z„, A) 

-Bfe(zi, . . . , Zj +p, . . . , z„, A) Bk{zi, ...,Zj+p,.. .,Zn, Xy^ Kj{zi, . . . ,z„, A) -Bfe(zi, . . . ,z„, A) 

*(zi, . . . , Zfe + T, . . . , Zn, A) = /iTjlzi, . . . , Zn, A) -Bi;(zi, . . . , Z„, A) ^{Zi, . . . , Zk + T, Zn, X) . 

□ 

4.4. Transformation of qKZB equations with respect to shifts z^: — > z^: + 1. 
Proposition 17. For any j, we have 

Kj{zi, ...,Zk + l,...,Zn,X) = Kj{zi, ...,Zk,...,Zn, X) . 
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The Proposition follows from Proposition 

Corollary 18. Let ^'(zi, . . . , z„, A) be a solution of the qKZB equations (^). Then for any k, the function 
^'(zi, . . . , Zfc + 1, . . . , z„, A) is a new solution of the same equations. 

4.5. The qKZB equations as equations on a torus. Propositions ^ and |l^ mean that we can 
define a vector bundle over the torus C" / Z" + rZ" whose fiber is the space of functions of A with values 
in V"[0]. The identification of points of the base, (zi, . . . , z„) —>■ (zi, . . . , z^ + r, . . . , z„), corresponds to 
the identification of the fibers defined by u — > Bk{zi, . . . , Zn)v. The identification of points of the base, 
(zi, . . . , z„) (zi, . . . , Zfc + 1, . . . , z„), corresponds to the identification of the fibers defined hy v ^ v. 
The identifications commute with the qKZB equations. Hence the qKZB equations induce a system of 
difference equations on the torus with values in this bundle (a fiat discrete connection). A solution of 
the initial qKZB equations defines a multivalued solution of the difference equations on the torus. Now 
we can ask a question about the monodromy of solutions of the equations on the torus. We shall address 
this problem in Section ^ 

5. Formal solutions of the qKZB equations 
In this section we fix r, ?7,p, Ai, . . . , A„, and set = "qh-i- 

5.1. Formal integral solutions. By a formal Jackson integral solution of the qKZB equations we 
mean an expression 

^'(zi, . . . , z„, ^) ^ j /(^i> ■ ■ ■ ,Zn,ti, . . . , tm, \)Dti ■ ■ ■ Dtm, 

where / takes its values in V[0], which obeys the qKZB equations (|l|) if we formally use the rule that the 
"integral" J is invariant under translations of the variables ti by p. In other words, /(zi, . . . , z„, ti, . . . , <,„, A) 
obeys the qKZB equations in the variables Zi up to terms of the form g{. . . ,ti + p, . . .) — g(. . . ,ti, . . .). 

Definition: A function $a(^) depending on a complex parameter a, such that 

9(t + a) ^ , , 

is called a (one-variable) phase function. 

We assume that p has positive imaginary part, and set r = e^'^*^, q = e^'^*'^. Then the convergent 
infinite product 

defines a phase function 

and any other phase function is obtained from this one by multiplication by a p-periodic function. 
Given a one- variable phase function $a(i), we define with our data an to- variable phase function 

m n 

$(ti,...,i™,zi,...,z„) = -zO Y\ <i>^2n{U-tj). (12) 



Theorem 19. |FTV]. Let $a(0 be a phase function, and let $ be the corresponding m-variable phase 
function (|7J) . For any entire function ^ of one variable, let 



ip^{t,z,X) = ^{pX-f^ '^aiZi + Ar] tj)) ^ ujj^^,„^j^{ti, . . .,<,„, A) ejj( 

Then 



*(zi, . . . , z„. A) = J . . . , zi, . . . , z„)'ip'^(ti, ...,tm,zi,..., z„, X)Dti ■ ■ ■ Dt„ 

is a formal Jackson integral solution of the qKZB equations. 
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The proof of the theorem is based on the transformation properties of the m- variable phase function 
z) with respect to shifts tj i-^ tj + p, zi zi + p and does not use the expUcit form of the function 
see jFTVf . 

To obtain solutions from formal Jackson integral solutions, we need to find cycles, linear forms on the 
space of functions of ti, . . . ,im that are invariant under translations U i-^ U + p. To this end we need a 
stronger version of the preceding theorem, Theorem ^ below gives us a space of functions on which our 
cycles should be defined. 

Let $ be the phase function and let a = (ai, . . . , a„), z = (zi, . . . , z„). We assume, as usual, that 
J^O'i = 'irj'm, m £ Z^q- For any entire function ^ of one variable, let E^{z; be the space spanned by 
the functions of i G C™ of the form 

n m 

z)C{pX - E ^akZk + 4r, E t,)f{t, z), 
k=i j=i 



where f{t, z), viewed as a function of t — {ti, . . . ,1^) belongs to F^{z, A) (see 3.1) for some A. All 
components of our integrand belong to this space. 

Let Ea{z;^), the space of cocycles, be the space spanned by functions of the form g{t + pa), where 
g G £^°(z;^) and a G Z™. By construction, Ea{z;^) is invariant under translations of the arguments U 
by p. We define the space of coboundaries DEa{z; £,) to be the subspace oi Ea{z;£,) spanned by functions 
of the form /(..., + p, ...)-/(..., ,...),/ G Ea{z;^). 

Proposition 20. |FTV|] . Ea{zi, . . . ,z„) = £'0(2:1, . . . , z-j + p, . . . , Zn) for j = 1, . . . ,n 

Moreover, we have the following result. 



Theorem 21. | FTV |. Let us write the qKZB equations as ^'(. . . , Zj + p, . . .) = Kj{z)"^{z). Then, for 
any entire function ^, the integrand ^{t, z)ip^(t, z) of Theorem |7^, viewed as a function of t G C™, 
belongs to Ea{z;^) V^[0] for all z G C". It obeys the equations 

^{t,...,Zj+p,...)^K,{z)-^{t,z) mod DEa{z;O^VM, j^l,...,n. 
In other words, ^(z,i) solves the qKZB equations in the cohomology {Ea{z; ^) / DEa{z; ^)) (E> V[0\. 

To obtain solutions from these formal solutions, one should find horizontal families of cycles, i.e., 
linear functions 7(2:) on Ea{z; ^) vanishing on DEa{z; ^), and such that 7(2 +pa) = "f{z) for all a G Z". 
This problem will be addressed in the next section. 

5.2. Nevif formal solutions. Let a = {ai, . . . ,a„), z = {zi,... ,Zn), t — [ti,... ,tm)- Assume that 
"^Oi — 2r]m and the step p of the qKZB equations has a positive imaginary part. In this section we shall 
construct a finite set of new formal integral solutions to the qKZB equations (|l|) . The formal solutions 
are labelled by an index M = (mi, . . . , to„) where non-negative integers rrii satisfy mi + . . . + m„ = m. 
Each of the formal solutions will depend on a complex parameter fi. 

We shall use the notation /i^^^ = aj/r]—2mj. According to our assumptions we have /I'^^-'-l-. . .-j-Zi^"-' = 0. 

Introduce a new m-variable phase function 

rn n 

rj(tl,...,im,2;i,...,Z„,T,p) ]J]j0a,(tj -Z;) J| n^2n{ti ~ tj) ■ (13) 

j = l 1=1 l^i<j^m 

Introduce a function 

n 

DMili, 21, ... , Zr,) = W Dk{^i)'-''/P (14) 

fe=l 

where Di^ are defined in (^. 

Let uJM{t, fJ-, z;p) be the function defined in (|^). Notice that the parameter r of the theta func- 
tions in (^ is replaced here by p and A is replaced by /x. It follows from (^ that the function 
ujMit, fi, z;p)DM{fJ'T has the following transformation properties, 

uJM{t,^i, ... ,Zj+p,... ;p) DMif^, ... ,Zj+p,...) 

= e^-<^+"'^''^iOM{t,t^,... ,z„...;p)DMiti,... ,z„...) 

for j = 1, . . . ,n. 

For any entire function ^ of one variable, let E^{z; M), be the space spanned by the functions of 
t G C" of the form 

n m 

- J2 2akZk+'iriY.tj)^{t,z)ujM{t,tJ.,z;p)DM{lji',z)f{t-,z), 
k=i j=i 
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where f{t, z), viewed as a function t — (ti, . . . , tm) belongs to F^{z, A) (see 3.1) for some A. 

Let Ea{z; M), the space of cocycles, be the space spanned by functions of the form g{t + pa), 
where g G E^{z;^;M) and a € Z"*. By construction, Ea(z;^;M) is invariant under translations of the 
arguments U by p. We define the space of coboundaries DEa{z;(,) to be the subspace of Ea{z;£^;M) 
spanned by functions of the form f{...,tj + p, . . .) — /(..., ij, ... ), / G Ea{z;(,). 

Proposition 22. Ea{zi, . . . ,2;„;^;M) = Ea{zi, . . . , zj + p, . . . , Zn, M) for j ^ 1, . . . ,n 



The proof of this Proposition is the same as the proof of Proposition |20|, see | FTV 



Theorem 23. Let us write the qKZB equations as ■ ■ , Zj +p, . . . ) = Kj{z)'^{z) . Then, for all entire 
functions ^, the integrand 

e^^*% n{t,z)wM{t,iJ,,z]p)DM{iJ',z)'il;^{t,z), (15) 
viewed as a function of t £ C™, belongs to Ea{z; ^; M) (g) V[0] for all z G C". It obeys the equations 

^{t,...,zj +p,...)= Kj{z)^{t,z) mod DEa{z;^;M)(g)V[0], j = l,...,n. 
In other words, 'I'(z,<) solves the qKZB equations in the cohomology {Ea{z]^; AI)/DEa{z;^; M))(E>V[0]. 
Consider a square matrix / of size dim V[0] with entries 

n m 

Il.m = e"'"'^ ^(t^ '^P'^^^ 'iakZk + 4?? ^ tj)fl{t, z) ujL{t, A, z; r) ujM{t, Mi z; p) cl ® Dm{p., z)eM, 

k=l 3 = 1 

where L — (li, , , . ,1^), M — (mi, . . . ,to„), and — 6;^ (8) . . . ej^, cm = Snn (8) . . . ^ e„i„ are basis 
elements of ^[0]. The entries of the matrix are functions of T,p, A, fi, t, z. If we ignore the factor D]\f, 
the matrix will be invariant under exchange of p. A, L and r, /i, M, 

Corollary 24. For every M the corresponding column 1^ = {Il.m) of the matrix is a formal solution 
of the qKZB equations. 



Proof: Theorem ^ follows from the proof of Theorem 21, In fact, according to Theorem yi| we know 
that <I>(t, z)ip^{t, z, A) is a formal solution. Now we can write 

$(i, z)^/{t, z, A) = e"^'^ e'^''^ <S>{t, z)il^^{t, z. A) = 
= er''''^ n{t,z)i}^{t,z,X) e'^*'5^e^("2"=i''''='+^?=i(2''-'"'^)*^) = 

= e^'^'^ ^{t, Z)^^{t, Z, A) e'^»2^(P^-2i:r=l a:z,+4vT.T=l *.) X 

X e''*2ijF(2i:r=i'Ji2i-4')i:7Lit3) g^(™i:r=ia!2!+E7Li(2')-4»?j)ij) ^ 

= e""'^ n{t, z)i:^{t, z, A) e^(^+"' ^"=1 e^ i:r=i(M+4r,j-2„)t, ^ 
The last factor can be included into the entire function ^. Thus we proved that 

is a formal solution depending on an additional parameter fi. 

Now choose M — (toi, . . . , m„) as in Theorem The function ujM{t, /i, z;p) DMifJ-, z) has the same 
transformation properties under the shifts tj i-^ tj + p and zi zi + p a,s the product of the last two 
factors in (|l6|). Hence 

e'^'^'k n{t, z)^p^{t, z, X)ujM{t, n, z;p) DMilJ-, z) 
is a formal integral solution. Theorem E3^ is proved. □ 



6. Integration 



6.1. Poles of the new formal solutions. Let t — {ti, . . 
the m-variable phase function introduced in (13). Let w/j^, 
the functions introduced in (0), here li + 



; ) : Z — {zi , . . . , Z^) . 

[t, A, z, r, 77) and uj^m 

+ In = m and mi + . . . + m„ = m. 



Let rt{t, z, T, p, 77) be 
,...,mr,(,t,ii,z,p,-q) be 
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Proposition 25. The poles of the function 

n{t, z, T,p, f]) {t, A, z, T, rf) It, ^, z,p, ry) (17) 

are of first order and lie at the hyperplanes given by equations 

U - Zk ^ ~ak ~rp- ST + 1, ti- Zk= flfe +rp + st + /, (18) 
where i = l,...,m, k — l,...,n and r, s G Z^Q; ' G Z, and 

ti ^ tj +2i] - rp - ST + I, U^tj -2T] + rp + ST + l, (19) 
where 1 ^ i < j ^ m and r, s G "Z^o, I £ Z. 

Proof: The poles of the function Cla{t,T,p) introduced in ( pi] ) are of first order and are given by 

t = —a — rp — ST + I, t = a + {r + l)p + [s + 1)t + I, 

and the zeros are 

t = a — rp — ST + I, t = —a + (r + l)p + (s + 1)t + 1, 
where r, s G Z^o, I G Z. 

Hence the poles of the m-variable phase function Q{t, z, T,p, if) are of first order and he at the hyper- 
planes defined by equations 

tt - Zk -ak - rp - ST + I, tj - Zk = flfc + (r + l)p + {s + l)r + I, 

where i — 1, . . . , m, k — 1, . . . ,n and r, s G Z,^q, I G Z, and 

t, tj +2Tj-rp- ST + l, t,^ tj - 277 + (r + 1)P + (s + l)r + /, 

where 1 ^ i < j ^ m and r, s G Z^O: ' G ^■ 

The zeros of the m-variable phase function f2(i, z, T,p, rj) lie at the hyperplanes defined by equations 

U - Zk = Ok - rp - ST + I, ti - Zk ^ -flfc + (r + l)p + {s + l)r + I, 

where i = I, . . . ,m, fc = l,... ,n and r, s G Z^Oi ^ G Z, and 

<, = tj - 277 - rp - ST + ^ ^« = tj + 277 + (r + 1)P + (s + 1)t + I, 

where 1 ^ z < j ^ 777, and r, s G Z^O: ' G ^• 

The poles of the function ti;;^ ... j^^ (t, A, z, r, 77) are of first order and lie at the hyperplanes ti ~ Zk — 
ak + ST -\'l where i = 1, . . . , 777, fc = 1, . . . ,n, s,l G Z, and at the hyperplanes ti ~ tj —2ri + sT + l where 
1 ^ i < j ^ TTi and s,l ^ Z. 

Similarly, the poles of the function ujmi....,m„{tT l^i z,p,ri) are of first order and lie at the hyperplanes 
ti — Zk — ak + sp + l where i — 1, . . . , 777, fc = 1, . . . ,n, s,l G Z, and at the hyperplanes ti — tj —2ri + sp+l 
where 1 ^ i < j ^ 777 and s, / G Z. 

Knowing the poles and zeros of the factors in ( [TtI ) , we get the Proposition. □ 

6.2. Topology of poles. The function defined by ( pT| ) depends on t, zi, . . . , z„, A, /7, t, p, 77, ai, . . . , a^. 
Later on we often make the following assumptions on t, p, 77, oi, . . . , a„, zi, . . . , Zn- 

lmr>0, lmp>0, Im77<0. (20) 

The numbers r and p are linearly independent over Z. (21) 

{277, 477, ... , 277777} n {Z + tZ + pZ} = . (22) 

2ak + 2s77 ^ Z + rZ + pZ , A; = l,...,77, s = l — 777, ...,777— 1. (23) 

z; ± a; - Zfc ± o/c + 2s77 ^ Z + rZ +pZ, k,l = l,... ,n, l^k, (24) 

s = 1 — m, . . . , 777 — 1 , 

for arbitrary combination of signs. 

A set of hyperplanes in an affine space is called a configuration of hyperplanes. An edge of a config- 
uration is a nonempty intersection of some hyperplanes of the configuration. 

Consider the configuration B = B{T,p,ri,ai, . . . ,a„,zi,... ,z„) of hyperplanes in C™ defined by 
equations (18) and (p^. 

Fix a natural number N and consider the image of the configuration B in C™/A^Z™ under the natural 
projection C"' <C"^ /Nl/"- . We shall call the image a configuration of hyperplanes in C™/A^Z™ and 
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denote the image by Cjv — Cn{t.,p, ?y, ai, . . . , a„, zi, . . . , z„). We always assume that Imr > 0, Imp > 0, 
and therefore Cm is a locahy finite collection of hyperplanes in C^/iVZ™. 

Let F{t, X, n, z,a,T,p) be the function defined by ([l7|). The function is 1-periodic in all variables ti, 
and therefore it defines a function on 'U''- jNJT^ which we denote also by F(t, A, /i, z, a, r, p). The function 
F{t, X, ^, z,a,T,p) is holomorphic on the complement to the union of hyperplanes of Cjv in C^/A^Z™. 
Moreover, for any f3 G Z™ + rZ™ +pZ™, the function F(t + f3, X, n, z,a,T,p) is holomorphic on the 
complement to the union of hyperplanes of Cjv in C"^ /NZ,"^. 

Proposition 26. The number of pairwise distinct edges of any dimension and the dimensions of all 
edges of the configuration Cpf do not depend on the parameters T,p, 77,01, . . . ,a„, zi, . • . , z„ provided 
that assumptions (p^ - (p^) hold. 



Proof: The initial configuration induces a configuration of hyperplanes in any edge of the initial con- 
figuration. The number of pairwise distinct edges of any dimension and the dimensions of all edges of 
the initial configuration remain the same if for each induced configuration the number of its pairwise 
distinct hyperplanes does not change. This is obviously true if assumptions (e3) - (p3) hold. □ 



Corollary 27. The topology of the complement of the configuration of hyperplanes Cn in C^/A^Z™ 
remains the satisfying conditions (|^ ) - (^|) . 

The Corollary follows from standard reasons in topological singularity theory, cf . . 

6.3. Hypergeometric integrals. Let T,p,ri,ai, . . . ,an be complex numbers. Assume that (po| ) holds 
and 

Imofc > , fc = 1, . . . , n . (25) 

Let t = (ti, . . . , tm), z = (zi, . . . , z„), a = (ai, . . . , a„). Let n(t, z, a, T,p, rf) be the m-variable phase 
function introduced in (p^). Let u!L{t, X, z,a,T,ri) and ojMit, fJ,, z,a,p,r]) be the functions introduced 
in (^, here L — (Zi, . . . , Z„), li + . . . + In = m, and M — {mi, . . . , m„), mi + . . . + to„ ~ m. Let 
ip{t, A, /i, z, a, T,p, ri) be a holomorphic function for t e C™, z, a £ C", and r, p lying in the upper half 
plane. Assume that (p is N-periodic in t, ip{t + P, A, /i, z, a, T,p, 77) — ip{t, A, /z, z, a, T,p, rf) for all (3 £ A^Z™. 

Consider the integral 

-^LM(-^'M,^,a,T,P,^) = (26) 



/ 



rj(t, z, a, r, p, 77) WL(i, A, z, a, r, r;) WM(i, z, a, P, 77) (/^(i. A, ^, z, a, r, p, r]) dt 

where dt — dti A ... A dtn- The integral will be called a hypergeometric integral. 

The integrand, F{t, A, ^, z, a, r, p, 77), in ([2^ ) is N-periodic, hence the integral can be considered as an 
integral over the image in C^/A^Z™ of the subspace R™ under the natural projection. 

For any (3 G C", denote by /^^^(A, /i, z, a, T,p, 77)^ the integral 



F{t + P,X,fi,z,a,T,p)dt. (27) 

Fix (3 e tZ™ + pZ" and z G C". Assume that for aU i = 1, . . . , n, 

Imfli^Imr, Imai^lmp, and — Im?7;^>ImT, — Im773>Imp. (28) 

Then it is easy to see that the poles of the integrand of ( ^ ) lie far from the integration cycle [0, A^]™. 
Hence the integral is well defined and holomorphically depends on the parameters A, /i, z, a, t, p, 77. We 
shall call this range of parameters the starting range for given (3 and z. 

Proposition 28. For fixed /3,7 G tZ™ + pZ™ and z G C", the integrals I'[j^_j{X, n, z,a,T,p,r])p and 
/^jy^ (A, /i, z, a, r,p, 77)^ are equal if condition ( p^ ) hold. 

Proof: Change variables, t t' — (3 + j, in the first integral. Then the integrand of the first integral 
becomes equal to the integrand of the second while the integration cycle becomes equal to [0, N]^+f3 — ^. 
If condition (|2|) hold, then the integrand has no poles around the tori [0, A^]™ — 7 and [0, NY"-. Since 
the integrand is a closed differential form, the integrals over [0, A^]™ -I- /3 — 7 and [0, A^]™ are equal. □ 

So far we defined the function I^^iX, /i, z, a, T,p, r])p in the starting range of parameters with respect 
to given /3 and z as the integral of F{t + f3, A, fj,, z, a, r, p) dt over the torus [0, A^]™ C C^/A^Z™. Moreover, 
this function does not depend on (3. In order to define the function /^^^(A, /i, z, a, r, p, ri)p for all values 
of parameters satisfying conditions (pQ) - (p4) we use analytic continuation. The result of the analytic 
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continuation can be represented as an integral of the integrand over a suitably deformed torus, which we 
denote by T™. Namely, the poles of the integrand are located at the hyperplanes of the configuration 
Cjv(t, p, 7y, ai, . . . , o„, zi, . . . , z„). We deform the parameters t, p, 77, oi, . . . , a„, zi, . . . , 2;„ preserving 
conditions ( po[) - (p^. Then by Corollary p7|, the topology of the complement of Cn in C™/-/VZ™ does not 
change. We deform the integration torus accordingly so that the torus does not intersect the hyperplanes 
of the configuration at every moment of the deformation. Then the analytic continuation of the function 
I'[]^j{X, /i, z, a, r, p, ri)f3 is given by the integral 

F{t + (},X,n,z,a,T,p)dt. (29) 



Theorem 29. The integral ([Sj) can he analytically continued as a holomorphic univalued function to 
the domain of the parameters X, fi, z,a,T,p,ri satisfying conditions (j^^j -(|£^). 



The proof of the Theorem is the same as the proof of Theorem 5.7 in [ rVl |. 
We have the following important corollary. 



Corollary 30. The function If^j^j^X, fi, z,a,T,p,ri)[} defined by (|^) does not depend on j3. 

6.4. Solutions to qKZB. Fix complex numbers t, p, 77, Ai, ... , A„ and set ~ rjAi. Assume that 
the parameters r, p, 77, ai, . . . , a„ satisfy conditions ( |20| ) - ( |2^ ) and Ai + . . . + A„ = m for some positive 
integer m. 

Let fl(t, z,a,T,p,ri) be the m-variable phase function introduced in (|l3|). Let ajLit, X, z, a,T,ri) and 
uJM{t, fi, z, a,p,ri) be the functions introduced in (|^), here L = (/i, . . . \L\ = li + . . . + In = m, and 
M = (mi, . . . , m„), \M\ = m. 

Fix a natural number iV. Let f be an entire function of one variable which is 477iV-periodic, ^(A + 
Ar,N) = e(A). 

Let Va = (B'jLa'Cej and F = Vai ^ ■ ■ ■ ^ Va„. For any L — (/i, . . . , Z„), |L| = m, set = ej^ . . . ® 

Introduce a F[0] F[0]-valued function by 

M^(zi,... ,z„,A,^,r,p) = ^ ulj^f{zi,... ,Zn,X,n,T,p)eL®eM (30) 

L,J\/, |L| = |Af|=m 

where 

- ,Zn,X,fi,T,p) = e"''''^^ X (31) 

/* n m 

/ C(P-A + 7"M- J2 '2aiZi + Ari J2 tj) n{t, z, a,T,p,r]) ujL{t, X, z, a,T,ri) ujM{t, ^i, z, a,p,ri) dt . 
Jt^^ 1=1 j=i 

Here we assume that zj, ... , z„ satisfy condition ( |2^ ) and we define the integral by analytic continuation 
described in Section |6^ . 

For any j = 1, . . . ,n, introduce an End (t^[0])-valued function Dj{X) by the formula 

DAX) : e^ ^ ^iil_^!L^Lii^ e^^A.CC? A<-i:r.,+i A,) (33) 
«(A-2r;ECi/^^')) 
cf. (H), and an End (V^[0])-valued function D{X,z,p) by 



i^(A,z,p) = n (33) 

cf. dll). 

Theorem 31. Under the above conditions, for any j — 1, . . . ,n, we have 

u{...,Zj+p,...)=Kj{zi,... ,z„, A,T,p) ® D~^{p) u{... ,Zj, . . .), (34) 

U(... ,Zj+T,...)= DJ^{X) ® Kj{zi, . . . , Zn,y.,p,T) U{. .. ,Zj,...), (35) 

and, if in addition the function ^ is 2ai -periodic for all I = 1, . . . ,n, then 

u{... ,Zj + 1, . . .) = u{. . . , Zj, . . . ). (36) 

Here Kj(zi, ... , z„. A, r, p) is the qKZB operator defined by (|I|), i.e. the operator of the qKZB equations 
with step p and defined in terms of elliptic R-matrices with modulus r. 
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The foUowing CoroUary is equivalent to the first two statements of the Theorem. The third statement 
is trivial. 

Corollary 32. Let f : V C be a linear function. Consider the functions 

■fj{z,X,fi,T,p) = {l(S)f){lr^D{fi,z,p))u{z,\,fi,T,p), (37) 

and 

$f(2,A,/i,r,p) = if ^l){D{\,z,T)(S)l)uiz,X,fi,T,p). (38) 
Then for a fixed ^, the function ^'^ is a solution of the qKZB equations with modulus r and step p, 

,Zj +p, ... ,Zn,X,^J..,T,p) (39) 

= Kj{zi,... ,z„, A,r,p) *|(zi, . . . ,Zn,X,^l,T,p) , j = 1, . . . ,n, 
and for a fixed A, the function $^ is a solution of the qKZB equations with modulus p and step t, 

$|(Z1, ... ,Zj+T,... , Z„, X,fJ.,T,p) = (40) 

= Kj{zi, . . . ,Zj„fi,p,T) *f (^1, • . • ,Zn,X,fi,T,p) , j ^1,... ,n. 



Proof: Fix M = (mi, . . . ,m„), |MJ = m. By Theorem |23|, the function 5* defined by (|15| ) is a formal 
solution to the qKZB equations (|39|). This means that for any j, the difference 

^'^(Zl,... ,Zj+p,... ,Z„,X,fl,T,p)-Kj{zi,... ,Z„,X,T,p)'^^{zi,... ,Zn,X,fl,T,p) 

is an element of the space DEa{z; M) (g) F [0]. By Corollary |3^, the integral in (^l|), defined by 
the analytic continuation described in Section |6.3| , is equal to zero on DEa{z;S_; M) ® V[0]. Hence, if 
/ : y — > C is a linear function, then, for a fixed /i, the function ^'1, defined by (|37|), is a solution to the 
qKZB equations (^^. This proves the first statement of Corollary^. The proof of the second statement 
is similar. The Corollary implies the Theorem. □ 

The solutions of the qKZB equations constructed in Corollary |3^ depend on an entire function ^ which 
is 4777V-periodic. An important example of such a function is the function ^ = 1. In the next section we 
consider another important example of entire functions. 

6.5. Theta function properties of solutions. Recall that a scalar theta function of level is a 
function / such that /(A + 1) = /(A), /(A + t) = e-'''^^^^+^'> f{X). 

Consider the objects described in Section [6.4^ in particular, let V — Va^ ® . . . as in Section 
We say that a y[0]-valued function 5* (A) is a vector- valued theta function of level N, if 

^'(A + 1) = l'(A), (41) 

Clearly, the space of holomorphic vector- valued theta functions of level N is finite-dimensional. 

Assume that the numbers p and 77 are such that —p/Aij — N where A" is a natural number. Let /(A) 
be a scalar theta function of level A. Set ^(A) = f{X/p). Then ^ is an entire 477A^-periodic function. 

Consider the solution '^^{z, X, fi,T,p,ri) to the qKZB equations constructed in Corollary 32. 



Theorem 33. Under the above assumptions, if the parameter fi has the form fi — 2rj{m + 2s), s I1, 
then the solution ^y-(z, A, /i, t, p, 77) is a vector-valued theta function of level m + N as a function of 
variable X. 

Proof: We have ^'^(. . . , A -f 1, . . . ) = e^^^^/^rjj-.^^m^? (- ^ ^ , A, . . . ) where the first factor comes from 

the factor e"'^*^ in ( |3l| ) and the second factor comes from u!l{. . . , A, . . . ) in (|3T|). Hence, according to 
our assumptions, 5'j(. . . , A, . . . ) satisfies (^. 

In order to check property ( ^2|) we shall check the property for each coordinate function uf^^^ defined 

by(iil). 

We have it^j^^(. . . , A + r, . . . ) = e^'^'"^e^^'-^e^^*'^w^j^^(. . . , A, . . . ) where the first, second and third 
factors correspond to transformations of e^^*''/^'', ^ and lol in (|3l|), respectively. Here A = fj,T/2r], 
B = N{2X + 2t^i/p - 477/p J2 ^kZk + 8r,/p ^ t, + r), 

n li + ...+lk 

C = mT + J2 J2 2{X + tj- Zk-ak+2lkr]-2riY,{Kq~2lq)) . 

k=i j=h+...+ik-i+i '^"^ 
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Using our assumptions, after simple calculations we get 

n 

A + B + C = 2{N + m)X + {N + m)r + J2 h^^K^j ~ a, - Sa^+i - ... - 2a„) 
where h^^^ = Aj — 21 j. The Theorem is proved. □ 

7. MONODROMY OF SOLUTIONS OF QKZB EQUATIONS 

7.1. Monodromy with respect to permutations of variables. 

Theorem 34. Lef^^zi, . . . ,z„,A) he a solution of the qKZB equations with values in [V/^-^®. . .®V{^^ 
step p and modulus r. Then for any j — I, . . . ,n — 1, the function 



^^{z,,. . . , z„, A) = P(^'^J"+1) R^l:'^'l {z,+i - z„ A - 2j^'y. ^{z,, z^+,,Zj, . . . , z„, A) (43) 

1=1 

is a solution of the qKZB equations with values in (Vai®. . . Va^^^^Vaj . . •'8'Va„)[0], step p and modulus t. 
Here is the permutation of the j-th and j + l-th factors, and i?A3,Aj+i (z, A, t) S End (Vaj (8iVa^._^^) 

is the elliptic R-matrix with modulus t. 

Proof: The proof of the Theorem is straightforward. Let us check, for instance, that satisfies the 
first qKZB equation assuming that j > 1. We have 

j-i 



;=i 

X i4rf''""'^"(2:i, . . . ,z„,A)*(zi,... ,Zj+i,Zj,...) = 

= p(«-+i) B^^^l ^z„\^2rj'j:h^^),T)T^ R^tX (zi - Zn, \ - 2^^ h^'\r) . . . 

1 = 1 1=2 

X RkSI ~z„\~2vth^'\ r) <':!, (zi - z,+i , A - 2,? 'l? /i« , r) . . . 

(1 2) 

X -Rai,A2(^i ~ ^2, A,r) . . . ,Zj+i,Zj, ...) = 

= P("-+1) Ti r'^^X (zi - z„ , A - 2,7 r) .. . R^;[^^^ - z„ A - 2r; E /^(O , r) 

1=2 1=2 

X +\ (^1 ~z„\~'^vi:h^'\ r) Rt% (^1 - ^,+1 , A - 2,7 Z^^" , r) . . . 

(12) 

X -Rai,A2(^1 -Z2,A,t)*(zi,... + = 

- p(jj+i) r, 



Ti (zi - z„, A - 2,7 E h'^'\r) ■ ■ ■ <1 {zr - 2,+i, A - 2,? E h('\r) . . . 

1=2 ' 1=2 J^j 

t^lMi- z,A-2r^Th^'\r)R'^llt^l{z,+,~ z,,X~2^^^ 
1—0 1 



X R 

1=2 l=\ 
il 2) 

X -Rai,A2(^1 ~ Z2, A,t)*(zi, . . . + . . .) = 

= ,Zj,Zj+i,... ,z„,A)^'j(zi,...). 

The other cases are checked similarly. □ 
Remark. The transformation 

T, : vl/(zi, . . . , z„. A) ^ P(^"'^+1) 4':'^ +\ (^J+i - ^ - 2?y'E h^'\r) ^{z,,..., z,+,,z,, . . . , z„. A) 

(=1 

preserves the theta function properties (p]), (42). 

Proposition 35. Assume that a (Vai . . . ® VA„)[0]-ua^Me(i function ^'(zi, . . . , z„. A) satisfies the theta 
function properties (|7J), (|^. T/ien /or any j — 1, . . . ,n, the (Vai (8) . . . Va^^j ® Va^ . . • ® Va„ ) [0] -wo/werf 
function Tj'^ also satisfies the theta function properties (|7j|), (0)- 
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The Proposition easily follows from Proposition 13 



Let u^'"^^'- - (zi, . . . , Zn, X, fi,T,p) be the function constructed for the tensor product V = Vai ® 
• ■ • (8> Va^ in (|30|). Let Da^,... ,a„ (m, z,p) be the End (V^[0])-valued function defined in (|33|). According to 
Theorem |l|, the V[0] (g) T/[o] -valued function 

^^'•■-^"i^i,z) = (1®I?a,,...,a„(/x,z,p))m«'^i--A"(zi,... ,z„,A,/x,T,p) (44) 

is a solution of the qKZB equations with respect to the first factor, 

*^^'-^"(... ,Zfc+p,...) = {Kkiz^... ,z„,A,r,p)®l) *Ai^-.A'.(... ,zfc,...), /c = 1,... ,n. 

For any j — 1, . . . ,n, denote by Vj the tensor product Vaj (8) . . . Va^+i Va^ . . . ® Va„ • According to 
Theorem for any j, the t^[0] t/, [0]- valued function 

^,{z, A, T,p) = A, (^.+1 - . A - 2ry E r) ® 

(=1 

is a solution with respect to the first factor of the same qKZB equations. 

The next Theorem describes a relation between the two solutions and can be considered as a de- 
scription of the monodromy of the hypergeometric solutions constructed in Section 3.4 with respect to 
permutation of variables. 

Introduce a new i?-matrix Ra,b{z, ^.,p) G End {Va ® Vb) by 

i?.,.(z,M,p) = e— /^(-^^-^-^) Ra,b{-^.,.v){ ,(,_2,,(i)) ) ■ (45) 
Theorem 36. 

A, /i, r,p) = (10 (z, - z,+i, M - 2r/x;' ^^"(z, A, a^, T,p) . (46) 

i=i 

Remark. According to Proposition Q the matrix Ra.b(z, lJ.,p) is p-periodic, 

Ra,b{z + p, fj-,p) = Ra,b{z, ^J.,p) . 

Hence, formula ( |4^ ) expresses solution ^'^ as a linear combination of solutions v]/Ai, -- ,A„ ^[f^]^ p-periodic 
coefficients. 

Proof: First let us prove that 

^^(z, A,^,T,p) = (l(X)£'...,A,+i,Aj,...(/i, •■• ,Zj+i,Zj,... ,p) (47) 

X p(^--^+i) i?gX'A(z, - z,+i, ^ - 2,7 E p) 

X D- 

In fact, we have 



=1 

'"\,,a,+i,...(a'>-- - ,p))*'^^'-^'^"(z,A,^,T,p). 



^,{z, A, A^, r,p) = {P^^+'^R^^X {z,+i - z„ A - 2r/E r) ® (48) 

(=1 

£'...,Aj+i,a,-,...(m, • ■ ■ ,Zj+i,Zj-,...)) ^ ulm{--- ,z-i+i,Zj,...)eL(E>eM 

L,M, \L\ = \M\=m 

where L — {li, . . . , Ij+i, Ij, . . . , ^„), A/ = (toi, . . . , rrij^i^mj, . . . , to„), and 



■ulm(--- ,Zj+i,Zj,...) = e 2„ / ^(pA + - X] 2a/ z/ + 477 X] ^j) ^(*: a, T,p, 77) 

Jt;," z=i i=i 

X ^^■■'^■'+'''^'""(t. A, . . . ,Zj+i,Zj, . . . ,t) Wj,^'''^'+'''^'''''(i,^, . . . ,Zj+i,Zj, ... ,p)dt. 



According to (jj), we have 

p(w+i) ^ c.^-'^^-+-^----(f,A,... ,z,+i,z,,... ,t)4^:;+i|(z,+i -z,,A-2,y'E (49) 

,a,,a 



^ w^" " "+'""(t, A, . . . ,Zj,Zj+i,... ,r)es 
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where es € V and 

^uj-j^y^''^^'^''---(t,fi,... ,Zj+i,Zj,... ,p)eM = (50) 

M 

where eg e F. Formulae @ and @ prove @. 
Now the Theorem follows from the following Lemma. 

Lemma 37. 

i-i 

A.. a>i,a.....(m, ■ • ■ , . . . .P)P^"+'^B!i:^Xl^ {z, - z,+^,fi - 2,7^ /j«,p) 

i-i 



The Lemma follows from ( |33| ) and (32). □ 

7.2. Monodromy of solutions with respect to shifts of Zj by r. Let u(zi,... , z„, A, /i, r,p) be 
the function constructed for the tensor product V — . . . iX> Va„ in (]30|). Let D{fj,,z,p) be the 
End (y[0])-valued function defined in (|3|). Set 

*(z,A,^,T,p) (l0i:)(^,Z,p))u(zi,... ,Zn,X,fl,T,p) . 

According to Theorem |3l|, the V[0] y[0]-valued function \l/ is a solution of the qKZB equations with 
respect to the first factor, 

*(... ,2fc+p, ...) = iKk{z,X,T,p)(E)l) *(. .. ,Zfc,...), k = l,... ,n. 

Let Bj(z, X,p) G End(y[0]) be the linear operator introduced in (||). According to Theorem ^ for 
any j = I, . . . , n, the function 

^j{z,X,fi,T,p) = (Bj(z, A,p) ® 1) *(2i, . . . , + T, . . . , z„, A, ^, r,p) 

is a new solution of the same equations. 

The next Theorem describes a relation between the two solutions and can b e co nsidered as a descrip- 
tion of the monodromy of the hypergeometric solutions constructed in Section x4 with respect to shifts 
of variables Zj by r. 

Theorem 38. 

'fJ{z,X,^l,T,p) = (1 ® fj{z,p) (51) 

X D{... ,Zj+T,... ,fl,p)Kj{z,fl,p,T)D^^{... ,Zj,... ,fi,p))'^{z,X,fi,T,p) 

where fj{z,p) = g'^'^^vT,Li^ji^i-^j)-/^i^i/p q^j^i^ Kj{z, ij,,p,t) is the j-th operator of the qKZB equations 
with step T and modulus p. 

Remark. According to Theorem |l^, the operator 

Kj{z,fi,p,T) = fj{z,p)D{... ,Zj+r, ... ,fi,p)Kj(z,fi,p,T)D~^{... ,Zj,... ,fi,p) 

is p-periodic, Kj{- ■ ■ , + p, . . . ) = Kj{. . . , Zk, ■ ■ ■)■ Hence, formula ( ^ ) expresses solution "^j as a 
linear combination of solutions 4* with p-periodic coefficients. 

Proof : 

^j(z,X,fi,T,p) = (Bj(z,A,p)®l) «-(... ,Zj+T,...) = 

ifjiz,?) D^^{z,X,t)D{. . . ,Zj+T,... , A, t)® £!(... ,Zj+T,... ,fi,p))u{... ,Zj+t,...) = 
{fj{z,p) D^^{z,X,t) D{z,X,t) ® D{. . . ,Zj+T,... ,fi,p)Kj{z,fi,p,T))u{... ,Zj,...) = 
{1(g) fj{z,p)D{... ,Zj+T,... ,fj,,p) Kj{z,fi,p,T)D^'^{z,fi,p))'i'{. . . ,Zj,...). 

□ 

Remark. Assume that Ai, . . . , A„ are natural numbers, then the square of the transformation 
Tj : ^'(zi, . . . ,z„. A) -> Bj{z,X,p) *(zi, . . . , + r, . . . , z„. A) 
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preserves the theta function properties (42). Namely, if a y[0]- valued function satisfies (|4l|), 



(H), then for any j, the F[0]-valued function (rj)^* satisfies @, (||). 

7.3. Monodromy of solutions with respect to shifts of zj by 1. Let u^{zi,... , Zn, \, H,T,p) be 
the function constructed for the tensor product V — Va^ . . . <Si Va„ in (|30|). Let D{iJ,,z,p) be the 
End(y[0])-valued function defined in (H). Set 

■^^{z,X,p,T,p) = {l(E)D{fi,Z,p))u^{zi,... ,Zn,X,fl,T,p) . 

According to Theorem the ^[0] y[0]-valued function is a solution of the qKZB equations 
with respect to the first factor. According to Corollary [T^, for any j, the ^[0] ® y[0]-valued function 
^|(z, A, fi, T,p) = . . , Zj + 1, . . . , X, fi,T,p) is a new solution of the same equations. 

The next Proposition describes a relation between the two solutions and can be considered as a 



description of the monodromy of the hypergeometric solutions constructed in Section 3.4 with respect 
to shifts of variables Zj by 1. 

For any j, introduce an entire function, ^j, of one variable by ^j(A) — ^(A — 27/Aj). 

Proposition 39. For any j, we have 

*|(z,A,Ai,T,p) = (l®p,(Ai))i/f)*«^-(z,A,/i,r,p) 
The Proposition follows from formula 
Remark. Assume that Ai, . . . , A„ are natural numbers, then the square of the transformation 

Tj : ^{zi, . . . ,z„. A) . . . ,Zj + 1, . . . ,z„. A) 

preserves the theta function properties (|4^). Namely, if a y[0]-valued function ^'(z,A) satisfies 

(|l|), (H), then for any j, the y[0]-valued function . . , + 2, . . . , A) satisfies {1^, (||). 

Recall also that if —p/Arj = iV, / is a scalar theta function of level N and ^(A) — f{X/p), then 
"^^{z, X, ii,T,p) is a vector-valued theta function of level m + N. Notice now that if Ai, ... , A„ are 
natural numbers, then ^(A — irjAj) — f{X/p + Aj/N), and /(A + Aj/N) is a new scalar theta function 
of level N. 

References 

[D] V. Drinfeld, Quast-Hopf Algebras, Leningrad Math. J. 1 (1990), 1419-1457. 

[F] G. Felder, Conformal field theory and integrable systems associated to elliptic curves, Proceedings 
of the International Congress of Mathematicians, Ziirich 1994, p. 1247-1255, Birkhauser, 1994; 



Elliptic quantum groups, preprint hep-th/9412207, to appear in the Proceedings of the ICMP, 
Paris 1994. 

[FR] I. Frenkel and N. Reshetikhin, Quantum affine algebras and holonomic difference equations, Com- 

mun. Math. Phys. 146 (1992), 1-60. 
[FTV] G. Felder, V. Tarasov and A. Varche nko, Solutions of the elliptic qKZB equations and Bethe 

ansatz I, preprint 1996, q-alg/9606005| , to appear in the volume dedicated to V.I. Arnold's 60-th 



birthday. 

[FVl] G. Felder and A. Varchenko, On representations of the elliptic quantum group Er,,-i{sl2), Commun. 

Math. Phys. 181 (1996), 746-762. 
[FV2] G. Felder and A. Varchenko, Algebraic Bethe ansatz for the elliptic quantum group Er.ri{sl2), 

Nuclear Physics B 480 (1996) 485-503. 
[JM] M. Jimbo and T. Miwa, Algebraic Analysis of Solvable Lattice Models, Regional Conference Series 

in Mathematics, v. 85, AMS, 1995. 
[K] T. Kohno, Monodromy Representations of Braid Groups and Yang-Baxter Equations, Ann. Inst. 

Fourier 37 (1987), 139-160. 
[R] R. Randell, Lattice Isotopic Arrangements are Topologically Isomorphic, Proc. A. M.S. 107 (1989), 

555-559. 

[S] F. Smirnov, Form Factors in Completely Integrable Models of Quantum Field Theory, World Sci- 
entific, Singapore, 1992. 

[TVl] V. Tarasov and A. Varchenko, Geometry of q-hypergeometric functions as a bridge between Yan- 



gians and quantum affine algebras, preprint q-alg 9604011, to appear in Invent. Math 



[TV2] V. Tarasov and A. Varchenko, Geometry of q-Hypergeometric Functions, Quantum Affine Algebras 
id Elliptic Quantum Groups, preprint q-alg/9703044| . 



[V] A. Varchenko, Quantized Knizhnik-Zamolodchikov equations, quantum Yang-Baxter equations and 
difference equations for q-hypergeometric functions, Commun. Math. Phys. 162 (1994), 499-528. 



